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Statistical probabilistic programming

[—] : programs — unnormalised distributions

» Bayesian inference: compiler computes normalisation

» Continuous types: R, [0, o] .
dist';ibution
y T

» Probabilistic effects:

normally r: [07 OO]
distributed sample(y,0) : R conditioning/fitting
sample score(r) : 1 to observed data
) with likelihood
prior
[[sample(07 2)]] let z=sample(0,2)
0.6 ‘ ‘ ‘ inscore(normal Pdf (1.1] ri))
- 1 — |
82 B postg;:glr‘ “\‘ Score(normalpdf(l.9|2’I,,%[));
Il
8; o \H\ score(n,ormalPdf(2.7|3;r,,%));
0'(1) L ! ! / i Y
-2 -1 0 1 2 posterior j
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Statistical probabilistic programming

Exact Bayesian inference
using disintegration
[Shan-Ramsey'17]

> Commutativity/exchangability/Fubini\j\

letz = Kin lety =L inf| [[K](dz)[[L](dy)f(z,v)
lety =L in|| =|letz = Kin =

f(x,y) flx,y) JILY (dy) [ [K] (dz) f (2, y)
probabilitity o-finite arbitrary
distributions distributions distributions
v v X
s—finite(—/_\
distributions L
not closed under / fU” deflnablllty
push-forward [Staton'17]
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Statistical probabilistic programming

Express continuous distributions using:

» Higher-order functions:
(e.g. generative random function models)

- =
piecewise(random-constant) piecewise(random-linear)
» Term recursion: (e.g. Gaussian random walk)

rw(z,o) = A(). // thunk
let y = sample(z, o)
in (z,rw (y,0))

» Type recursion (3 la FPC) (e.g. dynamic types, IRs)
Dynamic = po.{Val(R | Fun(a — o)}
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Application: modular Bayesian inference

Resample-Move Sequential Monte Carlo
[Séibior et al.18a+b]

resamples particles moves
\ / t recursion

rmsmc k n t = 7
marginal . finish . compose k (
advance . hoistS (
inference compose t mhStep . hoistT resample
representation )
) . hoistST (spawn n >>)
higher
inference order

transformer

Sam Sam Sam Sam Sam
spawn n| resa‘mple Pop Pop Pop Sam| Sam
hoistT | |mhStep| , Tr Tr m Pop Sam]
hoistST |_| hoistS |_ladvance] _{finish| , [ Tr | _|marginal| , [Pop|
inference
[ transformation recursive
(invariant types

preserving)
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ProbProg: Important Language Features

WebPPL || sample R score higher term type  Fubini
Ch u rCh @ Venture order rec rec (commute)
sets + probability X X v X X v
meas space + subprobability o /X X 1t X v
CPO + subprobability o /X v  / ?
cont domain + subprobability VAR { X 1t X v
[Jones-Plotkin'89]
: [Jung-Tix'98] : S : : : :
meas + s-finite distributions oo/ 7 X 1t X v
[Staton'17]
gbs + s-finite distributions v /7 7 /o1t ox v
[Heunen et al'17, Scibior et al'18]
coh/meas cone + probability v - -
[Ehrhard-Pagani-Tasson'18, v X X oo/ /
Ehrhard-Tasson'15-"19]
B [Lgbs + s-finite distributions v v v 7 7/ v
\) [This work]
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Contribution
> wQbs: a category of pre-domain quasi-Borel spaces
> M: commutative probabilistic powerdomain over wQbs

P> Axiomatic treatment of measure and domain theory in wQbs
» Adequacy: (wQbs, M) adequately interprets:

» Statistical FPC

» Untyped Statistical A-calculus

This talk
> wQbs
P A probabilistic powerdomain
> Axiomatic treatment
» Characterising wQbs
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Iso-recursive types: FPC
N——

type variable contexts [Fiore—PIotkin'94]
A={ay,...,an}

VA,@ Fi 7 type
A by po.T : type
Lam = po.{Bool{True | False}

|App(a * Q)
|Abs(a = o

type recursion

T = pa.o
Fl—t:o[aHﬁl—t:; Dz:ola—T]Fs:p
I'Frroll(t): T I' - matchtwithrollx = s : p
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Iso-recursive types: FPC

[Fiore-Plotkin'94]

type variable contexts
A={ay,...,an}

VA,@ Fi 7 : type
A by pa.T : type
wCpo-enriched
category of
domains

\—///_\éw)n %

[AFy 7 type] : (

[A Fx pa.T @ type] = minjmal invariants

locally continuous

) functor
[Freyd'91,92, Pitts'96]
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Challenge

» probabilistic powerdomain

» commutativity/Fubini e o ag]”

open problem

» domain theory [Jung-Tix 98]

» higher-order functions
traditional approach:
domain — Scott-open sets — Borel sets — distributions/valuations

as in
[Ehrhard-Pagani-Tasson'18]

our approach:

(domain, quasi-Borel space) — distributions

separate
but compatible
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Rudimentary measure theory

Borel sets
» [a,b] Borel
> A Borel — AL Borel

> (A,),cp Borel =

Unew An Borel
Measurable functions f:R — R
f~1[A] Borel <= A Borel

Measures p : Borel — [0, o0
> monotone:
ACB = p(A) < u(B)
» Scott-continuous:
Ao C A C... = n(U,4n) =V, n4y)
» strict (10 = 0) and additive (u(AW B) = uA + pB)
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Rudimentary measure theory

1 dimensional
Borel sets N Example ( Lebesgue measures)
» [a,b] Borel AMa,b) =b—aonR
> A Borel — AL Borel (A @ %) ([a,b] x [e,d]) =

(b—a)(d—c) onR?

> (A,),cp Borel =
Unew An Borel
Measurable functions f:R — R

f~1[A] Borel <= A Borel

2 dimensional

Example ( Push-forward measure)

fom(4) = p (F71A])

Measures p : Borel — [0, o0

» monotone: Borel set
ACB = /L(A) < ,u(B) measure
» Scott-continuous: f:R>R

Ao CALC .. = p(Up An) = Vy i(An)
» strict (u) = 0) and additive (u(AW B) = pA + uB)
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Quasi-Borel pre-domains

subset of functions

set partial order on X R— X

“random elements”

-qbs:
o P ) A
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Quasi-Borel pre-domains

subset of functions

set partial order on X R— X

“random elements”

-gbs:
o \\ﬂvél/x,]@{()\—
_J

nrg < a1 < a9 <L - an:ﬁn
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Quasi-Borel pre-domains

set partial order on X R—X

w—qbs: k_/_\/ J, [\:andom elements

w-cpo quasi-Borel
space

+ A_a € My -
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Quasi-Borel pre-domains

set partial order on X R—X

w—qbs: k_/_\/ J, [\:andom elements

w-cpo quasi-Borel
space

[Ri>Bore|[R
= \_.x € My
g€ My = aope My
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Quasi-Borel pre-domains

set partial order on X R—X

w—qbs: k_/_\/ J, [\:andom elements

w-cpo quasi-Borel
space

0
R —Borel R

= \_.x € My
" a € Mx = aop€ My
» (ap € Mx), ey = [r € Sp.a(r)] € Mx

[Sn-an}
—

Borel measurable
countable partition

R= HHED\J Sn
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Quasi-Borel pre-domains

subset of functions

set partial order on X R— X

“random elements”

w-qbs: \\/}
X = <\LX,M€()\—
w-cpo %— quisgfgre\

[Ri}BoreIR
= \_.x € Mx
g€ My = aope My
* (an € Mx), ey = [r € Sp.a(r)] € Mx

pointwise Borel measurable pointwise
i w-chain countable partition lub
st RSl
(an) € MY = \/ o € Mx

n
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Quasi-Borel pre-domains

subset of functions

set partial order on X R— X

“random elements”

w-qbs: \\/}
X = <\LX,M€()\—
w-cpo %— quisgfgre\

[Ri}BoreIR
= \_.x € Mx
g€ My = aope My
* (an € Mx), ey = [r € Sp.a(r)] € Mx

pointwise Borel measurable pointwise
i w-chain countable partition lub
st RSl
(an) € MY = \/ o € Mx

n

Morphisms f : X — Y Scott continuous gbs maps
A_—

monotone and Va € Mx.
V.20 =V, f foae My
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Quasi-Borel pre-domains

/‘\
Example wQbs T Qbs

S = (S, Xg) measurable space —

(8,=,{a: R — S|a Borel measurable})

so R € wQbs

Reminder wabs: X = (X, <x, Mx)
u )\_SIZ’ € Mx
s a€Mx = aop € Mx
* (an € Mx), oy = [r € Sn.a(r)] € Mx
s.t.:
(an) € M% = \/aneMX
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Quasi-Borel pre-domains

lubs of N
Example step functions

wQbs T wCpo
P = <£7 SP) w-Ccpo \_/

Vk.R = Usk})

<P, <p, {\/[_e Sk k]
k

so L = ([0,00], <, {a : R — [0, o0]| Borel measurable}) € wQbs
Reminder wabs: X = (X, <x,Mx)
= \_.x € Mx

» a€EMx = aope Mx
* (an € Mx),cy = [r € Sn.a(r)] € Mx

s.t.:
(an) € MY = \/aneMX
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Quasi-Borel pre-domains
Example wQbs D

X w-qbs

X, = ({L} L X, L<X, {[S.L, SC.a]‘a € My, S Bore|})

Reminder wgbs: X = (X, <x,Mx)
= A_l’ € Mx
" a€Mx = aop€ Mx
* (an € Mx),cy = [r € Sn.a(r)] € Mx
s.t.:
(an) € M} = \/anGMX
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Quasi-Borel pre-domains

Products

X1 X Xo =X, x Xy r<y < Vir; <y
]\4)(1><X2 = {(Ozl,ag) 'R —>X1 XXQ‘VZ'.OQ (S MXi}

correlated
random elements
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Quasi-Borel pre-domains

Products

X1 X Xo =X, x Xy r<y < Vir; <y
]\4)(1><X2 = {(Ozl,ag) 'R —>X1 XXQ‘VZ'.OQ (S MXi}

correlated
Theorem random elements

wQbs — wCpo x Qbs creates limits
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Quasi-Borel pre-domains

Products

X1 X Xo =X, x Xy r<y < Vir; <y
MX1><X2 = {(Ozl,ag) 'R —>X1 XXQ‘VZ'.OQ (S MXi}

correlated
random elements

Exponentials
» Y* = {f: X — Y|f Scott continuous gbs morphism}
— Qbs(X,Y)
> f<g e Ve Xf() < gla)
uncurrya: Rx X —Y }

> Myx ={a:R—YX _ _
Scott continuous gbs morphism

so YR = My o
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Fundamentals of measure theory

s-finite measures
> 1, bounded: pn(R) < oo
> . s-finite: p= >, n: ftn bounded

Randomisation Theorem
Every s-finite measure is a push-forward of Lebesgue:

u s-finite = pu = f\ forsome f: R — R

Transfer principle
T«h = A ® A for some measurable 7: R — (R x R) |
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Randomisation monad structure

> (XJ_)[R
» returny(z):r €[0,1] — x

T Rx«

> (a»f):RERxREZARx x BL Ry (v R 2Ly

R— X1 X — (V)R
» sample from randomisation of normal distribution
» score(r) : ' € [0,]r]] — ()

monad laws fail
(associativity)
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Lebesgue integration

Lebesgue
R . Dom (a) 4 measure
OZXJ' 7fi = f o« lBorel — f o a(x)}\.(dﬂf)
L L Dom («)
/ Borel maps and _j
natural order
Dom («) Borel
X
/ (XK — 1Lt
d;s monad structure
randomisation continuation
monad monad
structure
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A probabilistic powerdomain

(X )R S R
~ =
MX

M X: randomisable integration operators
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A probabilistic powerdomain

lubs of lubs of ...

f images pointwise order

(€, M) := (densely strong epi, full mono) factorisation system
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A probabilistic powerdomain

&€ = densely strong epis closed under:

> products: e1,e9 €EE — e1 Xeg €E
> lifting: ecf = e €€
» random elements: ecf = eRe¢

= M strong monad for sampling + conditioning

[Kammar-McDermott'18]
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A probabilistic powerdomain

(X)) ——— 1

~N =
MX

» M locally continuous == may appear in domain equations
» M commutative — satisfies Fubini

> M models synthetic measure theory - 2, ‘ ) ‘

M3 pen Xn = [Tnen MXn / T EN )
[Kock'12,
Scibioorcet al'18] - = )
N 4

W is s—finite} generalises valuations

> MX%{

H ‘ Scott opens

standard Borel space
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Axiomatic domain theory

[Fiore-Plotkin'94, Fiore'96]

Structure
> Total map category: wQbs Vs strong mono
» Admissible monos: Borel-open map m : X — Y
1_}/— qbses
Ve My. B m[X]] € B(R)
take Borel-Scott open maps as admissible monos
» Pos-enrichment: pointwise order
» Pointed monad on total maps: the powerdomain
—> model axiomatic domain theory
—> solve recursive domain equations
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Structure
D total map category
wQbs

f < g Pos-enrichment

pointwise order

admissible monos

Borel-Scott opens

T monad for effects
power-domain

m partiality encoding
m:—; =T, L—0

Derived axioms/structure

pP® partial map category

— 1 partiality monad

() the adjunction J + L
is locally continuous

(py) PP is wCpo-enriched

My

(1<) p® has a partial terminal

Matthijs Vakar, Ohad Kammar, and Sam Staton

Axiomatic domain theory

Axioms

() every object has a partial
map classifier |y : X — X
(fup) every admissible mono is full (+)

and upper-closed
(H<) |—] is locally monotone
(V) 9 is wCpo-enriched

(U)  w-colimits behave uniformly

(1) D has a terminal object

(®)  p® has partial products
(®y) (®) is locally continuous
(=) D has locally continuous

exponentials

(=) PD has locally continuous

partial exponentials

A domain theory for statistical proba

(—<) D has locally monotone

exponentials

locally continuous total

coproducts

(?Y) 0 — 1 is admissible

(xy) ® has a locally
continuous products

(CL) D is cocomplete

(Ty)) T is locally continuous

(pCL) p® is cocomplete

(p+y) PD has locally continu-
ous partial coproducts

(BC) J:D < pDis a bilimit
compact expansion

tic programming



Characterising wQbs

Yoneda op
(—>
Sbs [SbsP, Set]cpp :
Yoneda\ - / dcountable
product preserving
SepSh [Staton et al.'16]

(F(R¢-1)) .
F : Sbs® — Set separated: F'R ——"% (F1)R injective
Thm: Qbs ~ SepSh

[Heunen et al.17]

Sbs —°"4a___, [ShsP, wCPO]epp

Yoneda\ - /

wSepSh f(@) $‘f‘(y)

—
F(R¢-1) v
F : Sbs® — wCpo w-separated: FR % (F1)R full

Thm: wQbs ~,cpo wSepSh
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Characterising wQbs

Grothendieck quasi-topos Qbs
strong subobject classifier:

Q=2 Mg = 2F
strong monos:
Xy P2 =P Q
(fo) ' [My] = Mx qbs w-chain(P) Y, p
Internal w-cpo P: \ T
(P, <p,V)

+ internal quasi-topos logic w-cpo axioms

Theorem

wQbs ~ wCpo(Qbs)
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Characterising wQbs

By local presentability:

wCpo ~ Mod(wcpo, Set) Qbs ~ Mod(qgbs, Set)

essentially algebraic theories
wqbs:
wcpo U gbs U compatibility axiom
Theorem
wQbs ~ Mod(wqgbs, Set)

so wQbs locally presentable, hence cocomplete
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Contribution
> wQbs: a category of pre-domain quasi-Borel spaces
> M: commutative probabilistic powerdomain over wQbs

P> Axiomatic treatment of measure and domain theory in wQbs
» Adequacy: (wQbs, M) adequately interprets:
» Statistical FPC [Fiore-Plotkin'94, Fiore'96]
» Untyped Statistical A-calculus

This talk Also in the pape
> wQbs » Axiomatic domain theory
> A probabilistic powerdomain  » Qperational semantics
> Axiomatic treatment a la [Borgstrom et al.’'16]
» Characterising wQbs
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ProbProg: Important Language Features

WebPPL || sample R score higher term type  Fubini
Ch u rCh @ Venture order rec rec (commute)
sets + probability X X v X X v
meas space + subprobability o /X X 1t X v
CPO + subprobability o /X v  / ?
cont domain + subprobability VAR { X 1t X v
[Jones-Plotkin'89]
: [Jung-Tix'98] : S : : : :
meas + s-finite distributions oo/ 7 X 1t X v
[Staton'17]
gbs + s-finite distributions v /7 7 /o1t ox v
[Heunen et al'17, Scibior et al'18]
coh/meas cone + probability v - -
[Ehrhard-Pagani-Tasson'18, v X X oo/ /
Ehrhard-Tasson'15-"19]
B [Lgbs + s-finite distributions v v v 7 7/ v
\) [This work]
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Presenting Pos

Sorts/arities
elem ineq
Operations
lower : ineq — elem upper : ineq — elem refl : elem — ineq
irrel : ineq x ineq — ineq Def(irrel(eq, e2)):
lower (e1) = lower (e3)
upper(e;) = upper(es)
antisym : ineq X ineq — elem Def (antisym(e, e°P)):
lower (e) = upper(e°P)
upper(e) = lower (e°P)
trans : ineq X ineq — ineq Def (trans(eq, e2)):
upper(e;) = lower(ez)
Axioms
e1 = irrel(er, ea) = eg lower(refl(x)) = x = upper(refl(z))
lower(ey) = antisym(eq, e2) = lower(ez)
lower (trans(eq, e2)) = lower(ey) upper(trans(e, ez)) = upper(ez)
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Presenting wCpo

Add to pos:

Operations

V : Il,enineq — elem Def(\/ neneén):
upper(e,) = lower(en41)
for each n € N

ubg, 1 [],,en ineq — ineq Def (ubg (en)pen):

upper(e,) = lower(ep4+1)
for each n € N

Ist :clomxH ineq XH ineq — ineq  Def(Ist(z, (ep) , (bn))):

neN neN upper(e,) = lower(en41)
Axioms upper(b,) =z
lower(ubg, (e,,)) = lower(eg) lower (en) = lower(br)
upper(ubg (e,)) =\ (en) for eachn € N

lower(Ist(z, (en) , (bn))) =\ (en) upper(Ist(z, (en) , (bn),)) =«
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Presenting Qbs

Sorts/arities

elem rand

Operations

ev, : rand — elem const : elem — rand

rearrange,, : rand — rand match S)ier - [Lic; rand — rand

ext : rand X rand — rand Def(ext(a, B)):
evr(a) = evr(B)
for each r € R

Axioms

a=-ext(a,B) =0 evy(const (z)) =z

evp(rearrange,, a) = evy(y) &

evy (match(gi)iel (ai)i61> = ovp(ay)
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Presenting wQbs

Sorts/arities

elem ineq rand

Operations
Add to wcpo and gbs:

Ll Tlpew rand X [[pen rer iN€0q — rand
Def U((an)nen\] 9 (62)716"\]’,,6”;) N

lower(e; ) = evy(ay) upper(e),) = evy(ant1)

foreachne N, reR

Axioms
Add:

evr (1] (@n)nen @nener) ) =V (€idnen
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